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The determination of the extensional
compliance perpendicular to the plane of
sheet for thin polyethylene terephthalate

sheets
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. M. WARD
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The extensional compliance normal to the plane of the sheet has been determined for one-
way drawn polyethylene terephthalate (PET) sheet. The method was to measure the
compressional strain of narrow strips under load in a compressional creep apparatus. It was
established that the strips were fully constrained by friction, and a theoretical analysis in
support of this is presented. The values for the compliance constant are discussed with
regard to the other compliance constants of the PET sheet and are also compared with

previous data for PET fibres.

1. Introduction

This paper forms one of a series describing the
determination of the nine independent compliance
constants for one-way drawn PET sheet. It deals
with the measurement of the compliance constant
which relates to extension and compression in the
direction normal to the plane of the sheet. The
principle of the method is to measure the com-
pression of narrow strips under applied load in a
compressional creep apparatus. In order to calcu-
late the required compliance constant from the
measurements it is necessary to establish the
exact mechanics of the compression experiment,
i.e. to what extent the samples are constrained by
frictional forces. This was examined experimen-
tally by making measurements on strips of dif-
ferent shapes. A theoretical analysis of the
problem is also presented.

Finally, the value for this compliance constant
is considered in relation to the other compliance
constants for this sheet, and the corresponding
compliance constants of PET fibre monofilaments.

2. Theory

2.1. The compression experiment

In the compression experiment a narrow strip of
the PET sheet is compressed between two steel
plates whose dimensions are comparatively very
much larger. Any distortion of the plates can be
assumed to be negligible as indications from
measurements of the transverse compliance of
PET monofilaments suggest that the relevant
polymer compliance will be about 100 times
greater than that of steel. This assumption is
confirmed by the results obtained here.

2.2. Theoretical considerations

Rectangular cartesian co-ordinates (1, 2, 3) will be
adopted with components of stress 04, 05, ..., 0
and components of strain €,, €, ..., €. The com-
pression experiment is shown diagramatically in
Fig. 1. The sample shown is a narrow strip which is
long in the 3 direction. As discussed previously,
the one-way drawn PET sheets possess orthor-
hombic symmetry. We will consider first the case
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where the length of the strip is parallel to the
initial draw direction; this is the 3 direction. The 1
direction is in the plane of the sheet perpendicular
to the draw direction, and the 2 direction is par-
allel to the axis of compression. The constitutive
relations (see, for example [1]) are

€1 = 81101 + 8120, + 81303
S1201 + 82,0, + 85303
51301 + 5130, + 83303

€y =

(1)

(together with €4 =S4,04, €5 =Ss5505, €5 =
Se606, which will not concern us in this paper).

If a long narrow strip is compressed in this
manner and if frictional constraints in the 1 direc-
tion can be ignored, the situation is one of plane
strain, i.e. zero strain in the 3 direction. In this
case it may readily be shown that the compressive
strain €, is related to the applied compressive

stress by
SZ
€y, = (S22 ‘_52 )02 .

€3 =

()
33

Similarly, for a narrow strip cut parallel to the one

direction the relationship between compressive

strain and stress is

St
& = (Sn =220, .
2 (22 S11 2

These results show that if there are no frictional
constraints in the narrow direction, experiments
comparing the compression response for these two
types of strip will reveal differences, provided that
S33/S 33 is appreciably different from $%,/S;; and
that either or both of these quantities is com-
parable to Sp,. For one-way drawn PET sheet the
other experiments mentioned in the introduction
show that (S%g /Su) ~ (10S%3/S33).

An alternative assumption is that the width of
the strip is sufficiently large compared with its
thickness that the frictional constraints provide
full constraint, i.e. zero strain in the 1 direction
as well as in the 3 direction. For this case it can be
shown that the compression is given by

S22+ 8512(513823 —812833) —

S23(S11823 —S12843) o2
(Snsss —S%s) (4)

3)

€y =

For this completely constrained situation we have
0, = Cy €5, which leads directly to Equation 4.
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This relationship of course applies for sheets of
any shape, i.e. strips cut parallel to either the 1 or
3 direction in these experiments.

It is difficult to appreciate the practical impli-
cations of these different assumptions without
making a numerical comparison for particular
values of the compliance constants. It is, therefore,
valuable to substitute the measured room tem-
perature values for the compliance constants Sy,
Sis, S12, S13 and S,3. These have been obtained
from other experiments which have recently been
completed [2,3]. For the assumption of plane
strain this gives

(S22 _0.18)02 (23.)

€, =

and

€ (S22 —3.6)0, (32)

for narrow strips cut parallel to the 3 and 1 direc-
tions respectively. If the samples are fully con-
strained the result is

€y = (S22 —4.0)0'2. (43)
In these equations the units of S, are 10710
m? N1,

Comparison of Equations 2a, 3a and 4a shows
that if the samples are not fully constrained we
would expect to find a difference between results
for strips cut parallel to the 1 and 3 directions,
provided that S,, is not very much greater than
~3t04x 107 Nm™,

2.3. Elastic analysis of plane strain com-
pression with frictional constraints
of an anisotropic sheet
Consider the compression of a strip of polymer
sufficiently long that one can assume zero elon-
gation parallel to the long axis of the strip
Fig. 1). The width of the strip is taken to be 2w
and thickness #. The analysis will be for a strip

x
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Figure 1 The compression experiment.



cut with its length parallel to the 3 direction;
the solution for the other geometry (length par-
allel to the 1 direction) can be deduced simply
by permuting the suffices 1 and 3.

Assume that the sheet is sufficiently thin that
variations in stress and strain along the 2 direction
can be neglected. Consideration of the equilibrium
of unit length of a thin strip of material (shown
shaded in Fig. 1) requires that

h(oy —oy) = —2uo, Axy

where u is the coefficient of friction between the
specimen and the steel plates. Since

do,
01 = 0,(x; +Axy) = U(x1)+dx Axy +

it follows that
dUl

—2u
= —0,(xy).

ax, P )

The assumption of plane strain with e; = 0 implies
from Equation 1 that

_(51301 +8330,)

03 =
S33

It follows further from Equation 1 in Section 2.2
above that

S338 ' S32
€ = 512*"23‘2 oy +| S -2 0. (6)
Sa3 S33

The steel plates have a stiffness far exceeding that
of the polymer and so we assume that they are
undeformed. This is equivalent to the assumption
(de, /dx,;) =0 and so from Equation 6 we have
(522533 ‘5223) do,

= - — . (7
(S12S33 ~S23513) dx, ( )

doy
dx

Substitution of Equation 7 into Equation 5 yields

do, — 2p (511833 —523813)

o 9
dx, h (Szzsss -—S223) : ( )

and hence
0,(x1) = Ade o™ (10)

where
(523513 —8S12833) 21
Ay = —. 11

2= T Smsm sty no Y

At the edge of the strip (x; =w), 0, =0 and so
from Equation 6

2

Si3
€ = (Szz s )02(‘4’)
33

Hence 4 = e,e™%/(S,, —S%) and, therefore, the
stress at any point x; >0 can be written as

() = Y (12)
Oy(x;) = . 12
2 (Szz "5223/533)
By symmetry the stress for x; <0 is
Al +w)
623 3 1
0,(xy) = 75— 12a)
T N M

A similar variation in stress in compression speci-
mens at yield has long been recognized and is
described as the “friction hill”’ (see, for example,
Cottrell [4].

In this experiment the nominal stress is calcu-
lated from the applied load/unit length of strip, P,
as

1 w
Onominat = P/2w = —— [ o3(x1)dv; (13)
w

On substituting for 0,(x;) from Equations 12 and
12a and then integrating we obtain an expression
for the apparent compliance S for a strip cut
with its long axis parallel to x;

Asw
S3 = 62/O'nomma.1 - (SZ2 S23/S33)(—7\_—w§_—_1)

(14)

It follows from a simple permutation 1«3 that the
apparent compliance S, for a strip cut with its
long axis parallel to x; is

Nw
Sy = (Sp — 512/511)ET,,17':T) (15)
where
(S12813 —823511) 2w
7\ e e — . 16
! (522S11 _‘5221) h (16)
Inspection of Equations 11, 14, 15 and 16

reveals several important features. (1) The appar-
ent compliance in both geometries (S, and S3)
should in general depend on the specimen dimen-
sions through a term of the form f(Aw) = Aw/(e*”
— 1). Note that as u =0, f(Aw) ~> 1 showing that
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the apparent compliance should be independent of
dimensions in the absence of friction as expected.
(2) As the coefficient of friction, u, increases the
apparent compliance appears to decrease without
limit. Clearly, for sufficiently high values of u the
specimen will be fully constrained, and the appar-
ent compliance will have a minimum value Ste
which can be deduced from Equation 4

Ste = S +512(513523 ‘S12523)*

853(811823 —S12513)
(511533 ~S123

(A7

(3) It is not possible to obtain an analytical
expression for S,, from the apparent compliance
and a knowledge of the five other compliances
S21, Sa3, S13, Siy and Si3 using either of Equa-
tions 14 or 15 since A3 and A; both depend on
S, itself. This point will be taken up again in the
discussion.

3, Experimental
3.1. Preparation of samples
Rectangular samples were cut with their sides
parallel to the 1 and 3 directions of the sheet. The
sample edges were microtomed and their dimen-
sions determined with a micrometer. The samples,
whose dimensions are given in Table I, form two
sets according to whether their longest side is
parallel to the 1 or the 3 direction.

With a view to eventually extending the
measurements to higher temperatures, a set of

TABLE I Collected data from compression experiments.

samples annealed for 6h at 180°C was also
included.

3.2. The compression apparatus

The compression experiment involves the measure-
ment of small deformations (~ 107 ¢m) for the
application of comparatively large loads to the
sampie (~20kg). It was therefore necessary
to use a specially constructed dead-loading creep
apparatus based on a design developed by Imperial
Chemical Industries, Plastic Division, Welwyn
Garden City [5]. This is shown schematically in
Fig. 2.

The load is applied to the compression cage A,
via two lever arms pivoted about a common
fulerum B. The load is placed on the weight pan
at the end of the larger lever arm C, and supported
by the rod D. This rod is held in position by an
electromagnet, and until released, prevents the
load from being applied to the sample.

The short lever arm is then adjusted until it
makes contact with the long lever arm at the point
E. Loads added to the short lever arm are used to
balance the compression cage, and can also apply a
preload. When the system has been carefuily
balanced and loaded, the required load is applied
to the compression cage by switching off the
electromagnet.

Because the apparatus was designed for the
compression of much thicker samples, an inter-
mediate steel spacer 3 cm long and 2 cm diameter
was inserted in the compression cage as shown
(P). To improve the accuracy of the measure-

Sample Sample state Width Length Appareat Average
shape and number (cm) (cm) compliance apparent
(X107 m2 N') compliance
(X 10—10 m2 N—l)
Length of strip Unannealed (1) 0.30 1.64 4.7
parallel to draw ) 0.40 1.60 5.3 48+04
direction 3) 0.09 1.54 4.8
) 0.15 1.55 4.3
Annealed (3) 0.09 1.57 4.6
6) 0.25 1.20 34 3.9+0.5
7 040 1.11 3.7
Length of strip Unannealed (8) 0.31 1.69 53
perpendicular to ) 042 1.26 5.6 5.15+0.5
draw direction (10) 0.11 1.68 5.4
an 0.20 1.47 4.3
Annealed (12) 0.08 1.16 3.5
(13) 0.32 1.21 3.5 3.7+03
(14) 0.42 1.21 4.2
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Figure 2 The compression apparatus: (a) overhead projection, (b) end elevation.

ments, two identical samples were compressed in
each experiment; between the top of the spacer
and the upper face of the compression cage and
between the bottom of the spacer and the lower
face of the compression cage respectively.

The top compression face F is fixed, and when
the load is applied, the bottom face G moves
upwards carrying the framework G’. The displace-
ment was measured by the transducer T which is
attached to G’ and contacts on the upper surface
of the compression face F.

3.3. Calibration and measurements

In the first instance the transducer was calibrated
for displacements up to 2 x 107> c¢m using a micro-
meter screw gauge. The apparatus compliance was
then determined from measurements of the defor-

mation of the compression cage under load, with
only the steel spacer between the compression
faces. The results, shown in Fig. 3, indicate that
there is a linear relationship between the com-
pression cage deformation and applied load. In the
subsequent compression experiments on the sheet,
this machine deformation was therefore sub-
tracted from the measured deformation to give the
sample deformation. The machine deformation
was about one-third of the total deformation, and
this factor clearly limits the accuracy of the
experiments.

The apparatus was initially set up with the
sheet samples in position, and the load on the
short lever arm such as to balance the weight of
the compression cage. Typical plots of the relative
contraction (sample contraction divided by sample
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Figure 3 Calibration of machine compliance: cage defor-
mation versus applied load.

thickness, after correction for machine com-
pliance) as a function of applied load are shown in
Fig. 4. The plots show appreciable curvature which
is due to a combination of slight unevenness in
sample thickness and minor misalignment of the
compression cage. The effects of this curvature can
be eliminated by the adoption of a pre-load of at
least 2 kg.

25L
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S
>
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Figure 4 Relative contraction as a function of applied
load for a small dead load.
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4. Results and discussion

Measurements were made on unannealed and
annealed sheets of different dimensions. Typical
results are shown in Figs. 5 to 8 and the data are
summarized in Table 1. In ali cases a good linear
relationship was observed between the contraction
of the sheet and the applied load. The apparent
compliance (sample strain divided by nominal
stress) was calculated for each experiment and the
results are shown in Table I. It is clear that for
each group of tests there is no significant depen-
dence on sample dimension. For example the
coefficients of correlation between apparent
compliance and specimen width for the unan-
nealed materials are —0.22 and —0.02 for speci-
mens cut in the 3 and 1 directions respectively.

Furthermore there is no significant difference
between the two specimen orientations for either
unannealed or annealed materials. A simple
statistical analysis shows that there is greater than
70% probability that both sets of data on the
unannealed material are from the same population,
but of course the restricted amount of data from
this and especially from the annealed material
make a more complete analysis difficult to justify.
There would appear to be a systematic difference
between the two materials, but since the other
compliance constants are not yet available for the
annealed material further analysis of those data is
not possible.

Returning to the unannealed material we must
assume that the specimens in both directions are
always fully constrained by friction. This is the
only way of rationalizing the two observations
that (1) there is no dependence of compliance on
dimensions in either orientation and (2) the com-
pliance is identical in the two orientations.

Thus we take Sz, = (5.0 £0.5) x 107 m? N™!
and calculate a value of S, to be (9.0£1.7)x
107 m*> N™' using Equation 17 and values of
S12, 833, S13, S;; and S33 determined indepen-
dently (see Table II). The larger error in the final
value of Sy, arises from the additional errors in the
other compliance constants. Comparison of this

TABLE 1I Collected values of
(X 107 m? N*)

compliance constants

Sll S22 S33 SZI S23 S13
Unannealed 40 9.0 0.76 —3.8 —0.37 —0.18
sheet
Fibre elastic A 89 89 1.1 -39 - —0.47
Constants B 16.1 16.1 0.71 —58 - —(0.31
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Figure 5 Compressive strain versus applied stress for unannealed strip, length parallel to draw direction. Samples 1 to 4.
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Figure 6 Compressive strain versus applied stress for
annealed strip length parallel to draw direction. Samples
5t0 7.

value of §,, with Sy; and transverse compliances
previously measured for PET fibres of comparable
orientation and crystallinity (also shown in Table
IT) confirm it to be quite reasonable. It is, how-

ever, necessary to test whether the assumption of
complete constraint is compatible with the likely
values of the coefficient of friction between PET
and steel 0.2 <u <0.4 [6]. In order to test this
assumption we have therefore taken Equations 14
and 15 and calculated the expected dependence of
the apparent compliances S; and S5 for y=0.2
and 0.4 using the compliance data in Table 11. The
results of these calculations are shown in Figs. 9
and 10 from which it can be seen that it is quite
reasonable to assume that even the narrowest of
specimens in Table I is effectively “fully con-
strained” by friction.

This result for S,, enables us to complete the
determination of the compliance constants for
unannealed PET sheet and the collected results are
shown in Table II. (The shear compliances have
been reported in a previous publication [7]. It can
be seen that S,, has a very similar value to Sy,
both being much greater than S;3. This is an
expected result, because S;3 is likely to involve
distortion of bonds in the molecular chains to
some extent, whereas $,; and S,, will relate to
dispersion forces between chains. The values of the
Poisson’s ratio compliances are also entirely con-
sistent with this. S,; is of the same order of
magnitude as S;; and S,;, whereas Sy3 and Sy3
are much smaller, again reflecting the lower stiff-
ness of the material in the draw direction.
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Figure 9 The expected dependence of apparent com-
pliance §3 on width for a specimen cut with its long
dimension parallel to axis 3. (Calculated from Equation
14 using data from Table I1.)
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Figure 10 The expected dependence of apparent com-
pliance S, on width for a specimen cut with its long

dimension parallel to axis 1. (Calculated from Equation 15
using data from Table I1.)

We have already remarked on the comparison
between data for sheet and fibres. In this context
all the sheet compliances appear reasonable, and
do not suggest that there are major structural
differences between fibres and sheets, apart from
the lower symmetry of the latter. In a review
article on the mechanical properties of oriented
polymers [8], preliminary results for the com-
pliance constants were quoted, and it was shown

that differences of this kind between fibres and
sheets can be attributed to differences in overall
molecular orientation. The aggregate model, which
considers the polymer as an aggregate of aniso-
tropic units, was shown to produce reasonable
correlations between the compliance constants of
fibres, sheet and unoriented polymer.
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